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A COVARIANT APPROACH TO GRAVITO-ELECTROMAGNETISM
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This paper describes general relativity at the gravito-electromagnetic precision level as a con-
strained field theory. Equations of motion, continuity equation, energy conservation, field tensor,
energy-momentum tensor, constraints and Lagrangian formulation are presented as a simple
and unified formulation that can be useful for future research.
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I. GRAVITO-ELECTROMAGNETIC ANALOGY
Interest in the analogies between gravitation and electromagnetism, also called gravito-electromagnetism
(GEM), has increased in recent years. These relationships were observed and reported during the second half
of the nineteenth century, and we recommend [1, 2] for historical review and references. Various approaches to
GEM have recently been proposed, and we quote a non-exhaustive list of papers concerning, by way of example,
gravitomagnetic effects [3–6], the relation of GEM to special relativity [2, 7], tidal tensors [8, 9], weak-field
approximation [10–12], the Lorentz violation [13, 14], teleparallel gravity [15, 16], the Mashhoon-Theiss effect
[17], quantum gravity [18, 19], gravitational waves [20, 21], the relation of GEM to electro-dynamics in curved
spacetime [22, 23], gravitational field of astrophysical objects [24, 25], the Sagnac effect [26, 27], torsion gravity
[28], the Schro¨dinger-Newton equation [29], non-commutative geometry [30], spin-gravity coupling [31], gravity
and thermodynamics [32], the Casimir effect [33], gauge transformations [34] and, quantum field gravity [35,
36]. It is commonly known that GEM is a source of new ideas and a guide for research into new physics. Several
experimental attempts to ascertain this are reviewed in [2].
Following chapter 3 of [37], we introduce gravito-electromagnetism by way of the weak-field approximation
of general relativity, where the metric tensor gµν reads
gµν = ηµν + κhµν, with κ =
√
16πG
c2
(1)
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2given as a constant in units of cgs and hµν as a perturbation of the Minkowski metric tensor ηµν, from the
plane space. Of course, the approximation imposes |κhµν|≪ 1 . In this approach, the velocity v of a particle in
a gravitational field satisfies an acceleration law that is analogous to the electro-dynamical Lorentz force law:
dv
dt
= g+ v× b, (2)
where g is the usual Newtonian gravity field and b is the gravito-magnetic field. In terms of the metric
perturbation we have:
gi = −
κ
2
∂h00
∂xi
and bi = −κ
(
∂h0k
∂xj
−
∂h0i
∂xk
)
, (3)
where i, j and k indicate the spatial components of the space-time index. Using the anti-symmetric Levi-Civita`
symbol ǫijk , one may arrange the vector fields in a tensor form that is analogous to covariant electrodynamics,
such as
f0i = gi and fij = −
1
2
ǫijkbk. (4)
The analogy is limited because the components of fµν are in fact the µ = 0 component of a third rank tensor,
and thus the results are indeed not covariant in the same sense of the electro-dynamical formulation.
In spite of this, the results of GEM indicate that an analogy between the formulations of gravitatin and elec-
trodynamics may exist, and several proposals for understanding it have emerged. In this article we propose a
modified version of Newtonian gravity where the electro-dynamical analogy emerges as a natural consequence.
A similar proposal is presented in [36], but the tensor formulation that will be presented in this article is clearly
different. We can describe our results as an attempt to formalize the theory in a simple way, something that
can benefit future studies of the subject.
The article is organized as follows: in Section II we propose a modified Newtonian gravity field with an
emergin Lorentz-like force law. In section III this field is written using a tensor formulation, while in Section
IV this formulation is extended using a 4-vector potential. Section V repeats the preceding section results for
an alternative force law, while Section VI rounds off the article with our conclusions and directions for future
research.
II. SELF-INTERACTING NEWTONIAN GRAVITY
Newtonian gravity is a modern subject which undergoes modifications to create a more powerful theory. We
quote [38, 39] as a recent proposal of this kind, but more radical possibilities have been considered in [40]. In
our proposal the a mass density ρ, the matter flux density vector p and the gravitational vector field g are such
that the following field equations hold:
∇ · g = − 4πρ and ∇× g =
4π
c
p−
1
c
∂g
∂t
. (5)
Our proposal is to demonstrate that the above equations are a truncation of Eintein’s equations at the gravito-
electromagnetic precision level. The first order truncation gives Newtonian gravity, while a higher order trun-
cation gives (2-3), which will be shown to be equivalent to (5) with constraits. Let us then consider the gravita-
tional force F as
F = ρg−
1
c
p× g. (6)
This force law is inspired by (2), which is obtained from Einstein’s equations, and it is possible to flip the
signal of p× g, a possibility that is entertained in Section V. The aim of the present article is to examine the
consistency of the above proposal. The model may be considered as self-interacting because the time variation of
gravity also contributes to gravity itself, however in Section IV we show that linear Maxwell-like field equations
may be obtained from (5). Let us start the characterization of the model questioning why the p×g contribution
to F is difficult to observe. Using the international system of units, where G is the universal coupling constant
of gravity, we form
g→ 4π
G
g, and we define
G
H
= c, (7)
3where we call H a dynamic coupling constant. In these units the field equations are
∇ · g = −Gρ and ∇× g = Hp −
H
G
∂g
∂t
, (8)
and the gravitational force is
F =
1
4π
(
Gρg − Hp× g
)
. (9)
Finally, we evaluate the intensity of the dynamical coupling, so that
G
H
= c, G = 6.674 × 10−11 m
3
kg · s2 ⇒ H = 2.226 × 10−19 m
2
kg · s . (10)
Consequently the dynamical interaction is extremely weak compared to that of static gravity. If this coupling
is in fact physical, its weakness explains why it is hardly observable. This situation is different from electro-
dynamics, where the coupling of the magnetic force is also weak compared to the coupling of the electrostatic
interaction. However, these interactions are observed separately, something that it is technically more difficult
to do here. The continuity equation is obtained after calculating the divergence of the curl of the gravitational
vector field (5)
∂ρ
∂t
+∇ · p = 0, (11)
which indicates the conservation of mass, in the same way that the electric charge is conserved in electrodynam-
ics. A reasonable interpretation of (11) is that as the electromagnetic interaction does not destroy the electric
charge, the gravitational interaction also does not destroy mass. Another simple consequence of (5) comes from
the scalar product between the curl of gravity and the gravity vector, so that
1
8πc
∂|g|2
∂t
+
1
4π
g · ∇× g =
1
c
g · p. (12)
We observe that g · ∇ × g = 0 if the field is conservative, and we are not certain that this is so, therefore
we keep this term in the equation and eventually impose the nullity of the second term as a constraint to the
theory. The electro-dynamical analogue of (12) is the Poynting theorem. In this case, it is not possible to get a
gravitational Poynting vector because g×g = 0. Despite this, we can understand |g|2/8π as the energy density
of the gravitational field, and g ·p is the density of the work done by the field over the mass of the system. If the
mass moves away from the source, g · p < 0 and the total energy density diminishes. It is possible to formulate
GEM in such a way that the signal of p · g in (12) is flipped [2], but we consider this proposal unphysical.
The interpretation of g · ∇ × g is similar to that of g · p, but the energy change is instead associated to the
self-interaction of the field. We are unable to obtain an expression for the conservation of the linear momentum
in the same way as is done for electro-dynamics, and thus the field equations, force law, conservation of mass
and the conservation of energy are the only results that we obtain from the model in this formulation. In the
next section, we try a tensor formulation in order to shed further light on the physical model.
III. TENSOR FORMULATION USING THE FIELD APPROACH
In order to obtain a covariant theory, we take the electrodynamic field tensor as a model to propose the
gravitational field tensor
Cµν =


0 −g1 −g2 −g3
g1 0 −g3 g2
g2 g3 0 −g1
g3 −g2 g1 0

 where g = (g1, g2, g3), (13)
where µ and ν are Minkowskian indices for the metric tensor ηµν, where η00 = 1, ηii = −1 and i, j = {1, 2, 3}.
Accordingly,
Ci0 = gi, Cij = −ǫijkgk, (14)
4where ǫijk is the Levi-Civita` anti-symmetric symbol. The field tensor allows us to rephrase the gravity field
equations (5) as
∂νC
νµ =
4π
c
pµ, where pµ =
(
cρ, p
)
. (15)
xµ =
(
ct, x
)
is the contravariant coordinate 4−vector and pµ and is the contravariant 4−vector momentum
density, that we could also call the 4−vector matter current. The continuity equation (11) is simply
∂µp
µ = 0, (16)
and the covariant expression for the gravitational force is also obtained, where
dpµ
dt
=
1
c
Cνµpν. (17)
The spatial components of (17) give the gravitational force and the µ = 0 component gives
c2
dρ
dt
= g · p, (18)
which describes the variation of the total energy density of the system. The anti-symmetry of the field tensor
imposes
pµ
dpµ
dt
=
1
c
Cµνp
µpν = 0 thus
d
dt
(
pµpµ
)
= 0, (19)
and therefore pµp
µ is a constant. It is natural to associate this constant to the rest energy density E, and
consequently we interpret the four-momentum vector (15) relativistically, so that
pµp
µ = ρ2c2 − p · p =
E2
c2
(20)
The above result permits interesting physical interpretations. Although the special relativity transformations
work and the mass density is equal in every frame of reference, the dynamic acceleration g of the gravity field
does not match the dynamic acceleration associated to the gravity force F in (6), and this may be interpreted as
a breakdown of the principle of equivalence, a principle whose imposition generates general relativity, and we
thus interpret our theory as a particular case of general relativity.
In order to describe this dynamical gravity in terms of an energy-momentum tensor, we introduce the sym-
metric tensor τµν
τµν = τ
µν =
{
1 for µ = ν,
0 for µ 6= ν. (21)
We stress that τµν is different from δ νµ = ηµλη
λν. Although it is not a tetrad, this tensor can be understood as
the square root of the Minkowskian metric tensor because ηµν = τµκτ νκ . Thus we rephrase the equations of
motion (15) as
∂λ
(
τλµCνκ + τ
λ
νCκµ + τ
λ
κCµν
)
=
4π
c
ǫµνκλpστ
λσ (22)
where ǫµνκλ is the anti-symmetric Levi-Civita` symbol. One may argue that the introduction of τµν could be
suppressed by redefining several vectors, for example ∂µ → ∂λτλµ = (∂0, −∇). We understand that these
definitions are unnatural and complicate the comparison with the alternative formulation of Section V , which
would be easier if the 4−vectors are common to both of the formulations. Combining (15) and (17), we obtain
dpµ
dt
=
1
4π
Cµν∂κC
νκ, (23)
and additionally combining (22-23) produces
dpµ
dt
= ∂κT
κµ + Iµ + Sµ. (24)
5Here Tµν is the energy-momentum tensor, Iµ is the self-interaction term and Sµ is the source term, explicitly
Tµν =
1
4π
(
CηµC
η
ν +
1
4
τµντ
η
κCηλC
κλ
)
, Iµ =
Cνκ
8π
(
τλντ
η
κ∂ηCµλ + ∂νCµκ
)
, Sµ =
ǫµνκλ
2c
pσC
κητνητ
λσ. (25)
The energy-momentum tensor and the self-interaction term further simplify to
Tµν =
1
4π
(
CηµC
η
ν −
1
2
τµν|g|
2
)
and Iµ =
1
4π
(
∂0Cµi − ∂iCµ0
)
C0i. (26)
Explicitly, the energy-momentum components are
T00 =
|g|2
8π
, Tii =
1
8π
(
|g|2 − 4g2i
)
, T0i = 0, Tij = −
gigj
2π
, (27)
which generate the scalar quantities
Tµντ
µν = 0, T µµ =
|g|2
4π
and TµνT
µν =
3|g|4
(4π)2
. (28)
Different from electro-dynamics, the gravitational energy-momentum tensor is not traceless. This result is in
fact expected from general relativity, and thus a consistency condition is fulfilled. Furthermore, using the field
equations (5), we obtain
Iµ =
1
4π
(
−
1
2c
∂|g|2
∂t
,
1
c
(
g×
∂g
∂t
)
i
+
(
g · ∇
)
gi
)
, Sµ =
(g · p
c
, −ρg
)
. (29)
Using (27) and (29) in (24), the energy conservation and the gravitational force components are recovered, and
the physical consistency of the model is assured. We have shown in this section that the gravitation model that
(5-6) comprise can be consistently described using a tensor language. In the next section we show that such a
model admits a potential formulation.
IV. THE TENSOR FORMULATION USING THE POTENTIAL APPROACH
The gravitational field can be represented by the scalar potential Φ and by the vector potential Ψ, so that
g = −∇Φ−
1
c
∂Ψ
∂t
+∇×Ψ. (30)
Consequently the field equations (5) become
∇2Φ + 1
c
∂
∂t
(
∇ ·Ψ
)
= 4πρ
∇2Ψ −∇(∇ ·Ψ) = −4π
c
p +
1
c
∂
∂t
∇Φ +
1
c2
∂Ψ
∂t2
. (31)
Nevertheless, a simpler description is obtained by defining
g = gE + gB, where gE = −∇Φ−
1
c
∂Ψ
∂t
and gB =∇×Ψ. (32)
Therefore, using (32) in (5) we obtain
∇ · gE = − 4πρ ∇ · gB = 0
∇× gE = −
1
c
∂gB
∂t
∇× gB =
4π
c
p −
1
c
∂gE
∂t
, (33)
a set of equations very similar to the Maxwell electromagnetic field equations. The only differences are two sign
flips, which is how the field got its name: gravito-electromagnetism. At this point the gravitational formulation
deviates from the electromagnetic formalism, and the gravitational potential second rank tensor is
Cµν = − τµκτ
ν
λ
(
∂κQλ − ∂λQκ
)
where Qµ =
(
Φ, Ψ
)
(34)
6is the gravitational potential 4−vector. From this, we immediately obtain that
Ci0 =
(
gE
)
i
and Cij = −ǫijk
(
gB
)
k
(35)
As already mentioned in the previous section, we could redefine ∂µ and Qµ and absorb the τ
µν tensor. This has
not been done because we want identical 4−vectors for the alternative formulation of the theory in Section V,
which will make the similarities between both of the theories much clearer. The potential field tensor (34-35)
permits us to recover the equations of motion (31) from
∂νC
νµ =
4π
c
pµ. (36)
In the same manner as in electrodynamics, equation (36) only contains the non-homogeneous relations of (33),
and the homogeneous equations are obtained from the identity
∂λ
(
τλµCνκ + τ
λ
νCκµ + τ
λ
κCµν
)
= 0. (37)
For the 4−vector momentum density, we write
dpµ
dt
=
1
c
Cνµpν, (38)
meaning that
dp0
dt
=
1
c
p · gE and
dp
dt
= ρgE −
1
c
p× gB. (39)
This formulation of gravito-electromagnetism appears to be the same as the Heaviside gravity from [36], but
some sign flips have to be understood in order to comprehend the exact relationship between the formulations.
On the other hand, comparing (39) to (6) and (18), two constraints are obtained, leading to
p · gB = 0; cρgB − p× gE = 0, or equivalently gE · gB = 0. (40)
The gravitational force vector dp/dt is thus coplanar to p and gE. The existence of the constraint (40) indi-
cates that our model is not equivalent to the Heaviside gravity formulation of [36], and it again different from
electromagnetism. We notice that the force law in (40) fits exactly with (2), and the flipped signal may be ob-
tained from redefining b in (3). However, as we have already pointed out, it is not possible to consider an exact
match between both of these expressions because (2) comprises the µ = 0 component of a presently unknown
third rank tensor.
Finally, we obtain the force law from (36-38), resulting in
dpµ
dt
= ∂κT
κµ + Iµ. (41)
The energy-momentum tensor reads
Tµν =
1
4π
(
Cλµ C
λ
ν +
1
4
τµντ
η
κ CηλC
κλ
)
=
1
4π
(
Cµλ C
λ
ν −
1
2
τµν
∣∣gB∣∣2
)
, (42)
and the interaction term is simply
Iµ =
1
4π
[
−
1
2
∂0|gE|
2,
(
gE ×
(
∂0gB
))
i
+ gE · ∇
(
gE
)
i
]
. (43)
Explicitly, the components of the energy-momentum tensor are
T00 =
1
4π
(∣∣gE∣∣2 − 1
2
∣∣gB∣∣2
)
Tii =
1
4π
[
1
2
∣∣gB∣∣2 − (gB)2i − (gE)2i
]
(44)
T0i =
1
4π
(
gE × gB
)
i
Tij = −
1
4π
[ (
gE
)
i
(
gE
)
j
+
(
gB
)
i
(
gB
)
j
]
.
7Accordingly,
Tµντ
µν = 0, T µµ =
2
∣∣gE∣∣2 − ∣∣gB∣∣2
4π
and
TµνT
µν =
2
(4π)2
[
|gB|
2
4
+ |gE|
4 − |gE|
2|gB|
2 +
(
gE · gB
)2
−
∣∣gE× gB∣∣2
]
. (45)
By comparing the scalar quantities (45) and (27), the nullity of Tµντ
µν and Tµντ
µν indicates that an invariant
property plays a role here that is played identically by the nullity T µµ in electromagnetism. This particular
feature justifies the introduction of τµν to the formulation of gravito-electromagnetic theory presented in this
article. Finally, from (41) we obtain
dp0
dt
= ∂0
(∣∣gE∣∣2 − ∣∣gB∣∣2
8π
)
+∇ ·
(
gB × gE
4π
)
. (46)
Using (39) we generate the energy conservation law that is directly obtained from the field equations (33) and
that does not produce additional constraints. The spatial components of (41) also generate the Lorentz force
without adding new constraints, and thus the consistency of the formulation is demonstrated. The Lagrangian
density of this formulation of GEM is simply
L = 1
8π
∂µQνC
µν +
1
c
pµQ
µ, (47)
and (36) is easily obtained from (47).
As a last remark, the field equations (33) can also be obtained using
g = gE − gB, where gE = −∇Φ+
1
c
∂Ψ
∂t
and gB =∇×Ψ. (48)
However, this formulation flips the sign of p × gB in (39), and so we conclude that (32) is the most suitable
choice for the potential. In the next section, we summarize the results of Sections III and IV into a gravity law
that is an alternative to (6).
V. THE ALTERNATIVE GRAVITY LAW
In this section, we study the gravito-electromagnetic force
F = ρg+
1
c
p× g, (49)
which will be shown to be coherent to the field equations
∇ · g = − 4π ρ, ∇× g = −
4π
c
p +
1
c
∂g
∂t
. (50)
In this formulation, the field tensor components are
Ci0 = gi; Cij = ǫijkgk, (51)
and equations (15-18) hold. On the other hand, (22) changes to
∂λ
(
τλµCνκ + τ
λ
νCκµ + τ
λ
κCµν
)
= −
4π
c
ǫµνκλpστ
λσ. (52)
The components of the energy-momentum tensor Tµν are the same as in the previous case (27), and conse-
quently the scalar quantities are also identical (28). On the other hand, the source term Sµ is identical to that
of (29), but the spacial components of the self-interaction term Iµ are slightly different, therefore
Iµ =
1
4π
(
−
1
2c
∂|g|2
∂t
,
1
c
(
∂g
∂t
× g
)
i
+
(
g · ∇
)
gi
)
. (53)
8Hence, both of the formulations are equally consistent, and the correct physical expression must be obtained
through experimental tests of (6) and (49). The potential formulation of the alternative law is obtained for
g = gE + gB, where gE = −∇Φ+
1
c
∂Ψ
∂t
and gB =∇×Ψ. (54)
and the gravito-electrodynamical field equations are
∇ · gE = − 4πρ ∇ · gB = 0
∇× gE =
1
c
∂gB
∂t
∇× gB = −
4π
c
p+
1
c
∂gE
∂t
. (55)
Additionally,
Cµν = ∂λτ
λ
µ Qν − ∂λτ
λ
ν Qµ, (56)
leads to,
Ci0 =
(
gE
)
i
, Cij = ǫijk
(
gB
)
k
, (57)
and equations (36-37) are immediately recovered. From (38), we produce
dp0
dt
=
1
c
p · gE and
dp
dt
= ρgE +
1
c
p× gB. (58)
Accordingly, two constraints are obtained, so that
p · gB = 0; cρgB + p× gE = 0, or equivalently gE · gB = 0. (59)
In summary, the results of the previous formulation and the present alternative formulation are related by a
symmetry that may be expressed in several ways, such as
gB → −gB, or Ψ→ −Ψ or Qµ → Qντ µν . (60)
Thus, under the alternative gravity law the equivalents of (41-46) are immediately obtained using (60). The
most important difference is the sign flip in the “Pointing vector” of (46), which means that the momentum flux
is reversed in both of the formulations. In [36], it is concluded that both of the approaches are equivalent. We do
not exclude this hypothesis, but we believe that further research is necessary in order to verify its plausibility.
On the other hand, we are not certain that both approaches are identical because there are several flipped signs
between the field equations presented here and those presented in table 2 of [36].
VI. CONCLUSION
In this paper we examined several formal questions concerning gravito-electromagnetism. We proposed two
gravity force laws, namely (6) and (49), and consistent covariant tensor formulations have been built for both
of them. It was also verified that both of the formulations are related through a symmetry operation. The main
technical point of the analysis is the introduction of the τµν tensor (21), and this demonstrates the originality of
the results presented in this article. In [36], it is hypothesized that these formulations may describe identical
gravities, but our results do not enable us to comment on this. Further theoretical work and experimental
verification is required, and thse items constitute wishful directions for future research.
Formal expressions are fundamental when investigating the solutions of a theory, and consequently for build-
ing models that can be tested experimentally. Therefore, researching classical solutions is a clear and important
direction for future research. An immediate and interesting direction for future research concerns the gravi-
tational waves from this field theory, and their relation to the usual gravitational waves predicted by general
relativity. Another important direction for future research concernswhether these results are useful for describ-
ing the experimental data coming from the gravity probe B experiment (GP-B) [41], or proposing a different
collection of data, perhaps with higher precision.
Another possibility concerns the quantization of gravito-electromagnetism, which is almost identical to the
usual quantization of the electromagnetic field with themost important difference being the constraint gE·gB =
0. However, the most serious problem of this approach is conceptual: the existence of an attractive gravity force
9whose quantum particle is a graviton of the spin−1. We hope that the formalism presented here will also be
useful should this possibility be conceptually acceptable.
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